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SUMMARY

One of the methods for solving a free or moving boundary problem is the use of Picard solvers which solve the
geometry and the velocity field successively. When, however, the kinematic condition is used for updating the
geometry in this technique, numerical stability problems occur for surface-tension-dominated flow. These
problems are shown here to originate from the unstable integration of the local smoothing of the surface by surface
tension. By an extension of the surface tension contribution to the flow field an implicit treatment of surface
tension is obtained which overcomes these stability problems. The algorithm is applicable to both free and moving
boundary problems, as will be shown by examples in this paper.
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1. INTRODUCTION

Many industrial processes contain a combination of fluid flow and free or moving fluid surfaces.
Examples of such processes are coating flows and viscous sintering. Since these fields are interesting
both commercially and mathematically, many techniques have been used for their numerical simulation
(see e.g. Reference 1). A limited number of algorithms has found their way into commercially available
simulation software. Floryan and Rasmussen? give an overview of these algorithms. They note that for
fluid surfaces with surface tension it is important to describe the surface geometry precisely. For this,
two methods perform best, namely the updated Euler method and the arbitrary Lagrange Euler (ALE)
method. These methods are in fact closely related to each other. Both methods generate a mesh on the
fluid domain and adapt it to the change in surface geometry. The methods become equal for linear flow
problems such as our examples where the time dependence is limited to the change in geometry. Two
solution methods are used in this class of numerical methods, both having their merits.*"

1. In the first of these methods, all unknowns, both velocity components and surface position, are
combined in one vector.>*> This algorithm enables the use of a Newton iteration scheme for free
boundaries. The implementation of this linearization involves a considerable amount of work,
which results in a high order of convergence but a limited robustness.>

2. The second type of algorithm uses a Picard solving technique, in which the velocity components
and the surface position are computed successively. This method is easier to implement since it
does not require adaptation of the flow elements. It is more robust, but at the cost of a linear
convergence for free surfaces.
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Since the second technique is more robust, it is applicable to industrial problems. In free boundary
problems which involve surface tension, however, one of two separate calculation schemes must be
chosen depending on the nature of the problem; one is limited to surface-tension-dominated flow and
the other to flow with only small surface tension effects.”* The technique fails for problems which have
a combined character, e.g. with only local surface tension domination. The Picard solution method also
fails for moving boundary problems with surface tension domination.

In this paper we will show that the algorithm does not fail in these situations but is in fact hopelessly
inefficient. We show that this difficulty can be resolved by an expansion of the surface tension term. To
demonstrate this, we consider two-dimensional viscous flow (quasi-static Stokes flow) where surface
tension dominates. The solution is worked out for the finite element method. The quasi-static Stokes
flow was chosen for our examples, since here the surface tension is the only source of instability in the
problem.

First we will introduce the basic differential equations and the Picard solution technique in more
detail in the next section. In section 3 we will show that the surface tension problems orginate in unstable
integration of the position of the free surface. To arrive at a solution to this problem, we will then derive
the weak formulation of the set of differential equations as is implemented in the finite element method.
Concentrating on the way the surface tension effect is represented in this formulation, we will derive in
Section 5 an expansion to the surface tension contribution, which stabilizes the calculation in these
situations. Section 6 will describe briefly the numerical implementation that is used for the calculation
of the two examples in Section 7. These examples will show the effectiveness of the adapted surface
tension implementation. The results will be discussed in Section 8.

2. DIFFERENTIAL EQUATIONS AND PICARD ITERATION SCHEME

Here we will consider the flow of an incompressible viscous liquid, which can be described
mathematically with the combination of the continuity equation and the Stokes equations, together
with the appropriate boundary conditions. The differential equations are

Viu=0,

1
Vp — V- {u[(Vu) + (Vu) ]} — pf = 0, 0

with p the hydrostatic pressure, u the velocity vector, p the specific mass and f an external body force
such as gravity.

For the boundary conditions we will concentrate on the free/moving boundary. Here the stress is
prescribed on the boundary and is supplemented by the so-called kinematic condition. The prescribed
surface stress consists of two parts, namely a normal stress component originating from the atmospheric
pressure (p,) and the surface tension on a curved surface (yV, - n, where V - n denotes the curvature of
the surface and V, the surface gradient operator as defined in Appendix I) and a tangential stress
component in the case of a surface tension gradient occurring along the surface (V,y):

o, = -(pa + yvs ¢ ll)ll, (23)
o, =Vy. (2b)
The kinematic condition is used to describe the movement of the free surface:

dx’ r
& =" ®)
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where x' and u' denote the position of the free/moving boundary and the velocity at this boundary
respectively and 7 denotes the time. For a converged solution of the free surface this reduces to

w -n=0. )

This set of equations can be solved using a Picard solution technique. As stated in the previous
section, two schemes exist for solving this set of equations. For flows where surface tension is not
dominant, the following algorithm is used.

1. Generate a mesh on the initial geometry (g, with I'y being the boundary of Q) and compute the
velocity field on this geometry.

2. Compute the new geometry (£2,) by updating the co-ordinates at the free surface with the aid of
(3) using u,_,. and regenerating the mesh:

X; =XI_p +Arul_y,. (5)

3. Calculate the velocity field (u,) using equation (1) at . with boundary conditions (2) at the free
boundary. I"; is used in the calculation of the free surface curvature in equation (2a).
4. Repeat steps 2 and 3 for each time step.

This algorithm is called the kinematic update scheme because of its use of the kinematic condition for
updating the surface geometry. A second scheme is used when surface tension dominates. This is called
the normal stress update since it prescribes the kinematic condition (equation (4)) as a boundary
condition to the flow field and uses the normal stress (equation (2a)) for the geometrical update.

The two schemes are necessary since the kinematic update is found to be unstable for surface-tension-
dominated flow.>” In its turn the normal stress update algorithm has been found unstable for flow with
small surface tension effects.

For moving boundary problems there is no analogy for the normal stress update algorithm, since
equation (4) is only valid for free boundaries and the form (3) of the kinematic condition cannot be used
as a boundary condition because u’ is unknown.

3. ORIGIN OF STABILITY PROBLEMS FOR SURFACE-TENSION-DOMINATED FLOW

The origin of the instability in the kinematic update scheme for surface-tension-dominated flows is best
illustrated by studying the update algorithm of the free surface, equation (5). When surface tension
dominates, the shape of the surface determines the velocity field, so we may write schematically

UL_ac = U0 _40). ©)
With this, equation (5) becomes
xl =xl , +Aru@l_,). (M

This equation shows the explicit Euler algorithm that is used for updating the free/moving surface
geometry.* This explicit algorithm is known to be conditionally stable: the time step must be a factor
smaller than the smallest timescale present in the physical problem.

This brings us to the real problem. Using dimensional analysis, we estimate the timescale (T,yo0tm)
correlated with the smoothing of a sinusoidal wave on the surface with a wavelength A and an amplitude
a by surface tension forces to be

WR _p K

_k 8
y yania’ ®

Tsmooth ~

with R being the curvature of the surface.
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This result indicates that the timescale for smoothing goes to zero with the wavelength of the
disturbance. The physical problem thus has as a minimum timescale 7.4 = 0.

In the numerical problem this is not the case, since the minimum wavelength of a disturbance equals
that of the mesh size. However, since the physical problem usually contains a second timescale (e.g. that
of the macroscopic change in the geometry), the numerical problem can become extremely stiff and
becomes even stiffer when the mesh size is reduced. In view of the fact that numerical calculations
always introduce errors and will do so in the surface geometry too, the smoothing process plays a part in
any numerical problem involving surface tension.

It is thus the stiffness of the numerical problem that causes the stability problems in the application of
the kinematic condition for surface-tension-dominated flow. For a stable application of this condition in
the current algorithm the size of the time steps must be extremely small, which means that a large
number of time steps will be required to obtain a result on a macroscopic timescale. Note that the
introduction of an iteration per time step (iterative implicit Euler) does not overcome the problem, since
the convergence criterion of the iteration per time step equals the stability criterion of the discussed
algorithm.

The general solution for the integration of stiff problems is the use of an implicit algorithm. Although
it is probably not possible to formulate the complete problem implicitly, we show that the kinematic
update algorithm can be adapted in such a way that the surface tension terms are calculated implicitly, as
will be shown in Section 4. To be able to do this, we will first have to derive the weak formulation for the
flow problem.

4. WEAK FORMULATION OF FLOW EQUATIONS

The weak forms of the differential equations are

J \ka'udQ:O,
Q

)
j $;Vp dQ — J ¢,V - (ul(Vu) + (Vu)]} dQ - J ¢:pf dQ =0,
9] Q Q

where ¢; and 'V, are the test functions for the momentum equation and continuity equation respectively.
Afier partial integration of the diffusion and the pressure term the momentum equation can be written as
(see e.g. Reference 7)

- j PV dQ + j V- (u(Vu) + (V)T 4 — j 601 dQ
[¢] Q (9]

(10)
- [ {-#on + i) + w40 ar =0
The last integral in this formula is the effect of the surface traction vector and can be written as
J (6,0 + )¢, dI'. (an
r

At the free surface the stress boundary conditions (2) can be substituted in this term to obtain

| @ +06,ar = | (-ping, — 0%, -mng) ar + | varsar. 12
T r r
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It is convenient to transform the curvature term in the integral through partial integration using the
surface divergence theorem®

-j ¥V, - mng), dr=j yé;m d(ar)—] V.($) T, (13)
r ar r

where dI" denotes the boundary of the free/moving surface (I') and m is the outward-pointing normal of
the boundary aI” of the surface; m is perpendicular to the normal (n) of the surface and perpendicular to
the tangent of the line aI" (ds):

m=n x ds. (14)

With equation (13) above the last term in equation (10) becomes
| Ga+avsar==[ popar-| vigmar+| vosar+| ppmaen. as)
r r r r ar

Applying the chain rule to the second term on the right-hand side, we obtain for the boundary integral
over the free surface

| i+ o ar = - [ pung,ar - j Wb U+ | om dean). (16)
r r r ar

5. IMPLICIT SURFACE TENSION CONTRIBUTION

Equation (16) shows that the effect of surface tension is limited to two terms, one containing the effect
over the surface and one representing the contact line effects (the last term in equation (16)). We will
assume that the contact line contribution is constant (which implies a constant contact angle and a
constant surface tension at the contact point). In that case only the surface term changes with the
geometry. We will focus on that term from this point on. When we restrict ourselves to two-dimensional
Cartesian co-ordinates, this term reduces to

-Jr YV, dT = —j ytdl" (17)

Here t is the tangent vector to the curve. As we have shown in Section 2, this integral is normally
calculated over the current surface geometry, e.g. using t(r). To obtain an implicit surface tension
algorithm, we must calculate this term for the new (not yet existing) surface gometry. To this end we
develop the term in a Taylor series in time:

d¢|‘ _ | _ d¢| y_ 2
[— L )‘j‘s—t ds]r+m_[ .[r 5 tds:IT [dr_[ tds] At + O(ATY). (18)

Since the tracing algorithm of the surface (equation 5)) is linear, only the first two terms in the series are
needed. The first term on the right-hand side is just the contribution of the surface tension at time 7. We
will concentrate on the second term on the right-hand side, giving us the effect of a linear update in time
of the surface geometry on the surface tension.

Note that the equation above can be written as an integral along a reference curve ! which does not
change in time:

d¢i — _ d¢l
-[, s = uo.0de =~y (19)
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In the finite element method this reference curve / can be interpreted as a curve consisting of reference
elements. The time dependence of this term now arises via the tangent vector t and the surface tension
itself.

Using this, we find for the first expansion term of the surface tension in equation (18)

d d¢, doy)| de,
-[dtI yt ] At = —Ar1 L = 17 dl (20)
For the change in the tangent vector with time it can be shown that (see Appendix II)
dt du
E— (E -n)n. (21)
Restricting our attention to the case of a constant surface tension and inserting this in equation (20), we
obtain
dt| do, du dé;
-y —Ldl=—y At —_ —Ldl 22
o]l =] (6] @
Of course we can use equation (18) to rewrite this as an integral over the surface at time t:
du do; du do,
— —_ ldl=-yAr e — ds. 23
(@] G ama] (Gapple @

We have thus found the term which accounts for the change in the surface tension contribution over one
time step when the surface is updated with the kinematic condition. Note that this term is linear in the
velocity vector u. It can be taken up directly to the stiffness matrix.

To show the structure of the term, we will write it out for one element. Using numerical integration

j S ds ~ é Wi S, (24)

we find for this term

Ugn(x;) ny(x), (25)

d ?
—yAtL d(f" n,ds~—yArz w"ds

where /=1, 2 denote the components of the Stokes equation, m is the number of integration points over
the element and u, is an abbreviation for the inner product between du/ds and n. For u,, the following
relation is found using the standard approximation of u over the element:

d¢
1(Xk)+v, o "2("/:)) (26)

q
“n(x) =) (

Xy Jj=1

du
usn(xk) = 'as“

where ¢ is the number of nodal points in the surface element, e.g. j =1, 3 for a quadratic element, and
u;, v; and ny, n, are the two components of the velocity vector and the normal vector respectively. The
tota] structure of the term is thus

usn(xk) n(x) = —y At Z > oW ¢' KJ

j=1 k=1

m do.
—rac$ | mlym ) + mmGel. @7)

L3
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Since u is an unknown in the calculation of the velocity field, this term contributes to the element matrix.
This contribution can be understood by using the following schematic representation of the element
matrix:

I
| (=)
: l...i...q p=1
| 1=1 uj
! l
|
y At : n
) 4!
| | (28)
! l...i...q p=2
! v;
[ 1=2 Ij
[
| \v,/
| Uy
\ . /
1...j...q l1...j...q
p=1 p=2
The component (i, /, p, 1) of the contribution to the element matrix is
m d¢' d¢
—}’Afkgl Wy ds |, —d?j i np(xk)nl(xk)' (29)
k k
Bearing in mind the division of the element matrix as sketched in formula (28), the term
dg; d¢1‘
a5, ds (30)

X Xy

is recognized as a diffusion (viscous) term. It in fact dampens the overestimate of the update of the
surface geometry by the explicit Euler algorithm. The term

(e dny(x) (31
limits the damping function to the direction perpendicular to the surface geometry.

6. IMPLEMENTATION

To test the implicit surface tension algorithm, the contribution of the surface tension to the matrix was
added to the surface tension element of the Sepran Finite Element Toolbox.® The easy access to all parts
of the code enabled a quick adaptation to the element.

The flow problems in the next section were computed using the Crouzier-Raviart P2+ P! available
from Sepran.”? This is an element with extended quadratic basic functions for the velocity and linear
discontinuous basis functions for the pressure. It has the advantage that by an elimination the degrees of
freedom at element level can be reduced to 12 for the velocity and one for the constant pressure. The
remaining unknown for the pressure is later removed from the matrix using a penalty function.

An update Euler algorithm was used for the changing geometry. After computation of the velocity
field the new boundaries were computed. To this end each point on the free/moving surface was updated
using equation (5).
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Figure 1. Definition of test problem for free surface flow: smoothing of fluid surface in a container

‘When required, a cubic spline was fitted through the newly computed co-ordinates. Along this spline
the new boundary points were ordered in a suitable manner.

With the newly calculated boundaries a new mesh was created, either by generating a completely new
topology or by stretching the old mesh. For the mesh stretching a standard procedure in Sepran was
used. In this algorithm the immediate neighbours of each nodal point are identified. Following a Gauss—
Seidel type of algorithm, each point is placed successively at the centre of its ‘neighbouring’ nodes.>'!
This procedure is repeated until convergence.

7. RESULTS
Example of a free surface problem

To illustrate the effect of the implicit surface tension for free boundaries, we will consider the
smoothing by surface tension of a surface in a container filled with fluid (see Figure 1). To prevent
numerical problems originating in the singularities at the moving contact points'? from masking the free
surface instability, these singularities were removed by prescribing a slip boundary condition at the
vertical walls.

At the initial time the free surface at the top of the fluid is curved. Since we assume a contact angle of
90°, the solution to the physical problem is a trivial horizontal straight line. The stiffness of the problem
depends only on the number of elements along the free surface (the ratio of the smoothing timescales of
the largest and smallest disturbances of the surface), since all other effects such as gravity have been
neglected. As the implicit surface tension algorithm calculates smoothing implicitly, it should allow
very large (infinite) time steps.

When the explicit algorithm is used with moderate time steps, wiggles develop in a few steps near the
container walls. Figure 2 shows the typical one-up/one-down wiggle that develops near the container
walls owing to the unstable integration of the smoothing of the smallest possible disturbances in the free
surface. When the implicit surface tension algorithm is used, no such wiggles are present.

The calculations were performed at a constant time step. In Table I we compare the convergence of
the two algorithms. For this we compute the deviation of the fluid surface from a straight line using the
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Figure 2. Typical one-up/one-down wiggle developing on unstable integration of surface tension smoothing

L? norm. Convergence is reached when this deviation is a factor of 102 less than that at the start of the
computation,

Table I shows the characteristics of the explicit algorithm as discussed in Section 3. The maximum
time step is related to the local mesh size, whereas the total time to convergence remains constant since it
approximates the physical timescale for this. The implicit algorithm shows no mesh effects. The total
time (60 s) does not have a physical meaning.

In the case of the explicit algorithm the time step is limited by the growth of wiggles as shown in
Figure 2. The time step in the implicit algorithm is limited by problems near the contact point with the
container wall. At large time steps the small tangential movement of the fluid near the surface just
pushes nodal points through the wall. There is also some evidence for the development of a tangential
motion instability in curved elements near the contact point in the case of very large time steps.

Since the implicit algorithm uses the surface tension contribution at the new time level, the calculated
velocity field is affected by the size of the current time step. Figure 3 compares the calculated velocity
field at the first time step using the explicit algorithm with that of the implicit algorithm with a time step
of 20 s. Note that the vectors of the implicit calculation have been scaled up by a factor of 53 to obtain a
comparable size with those of the explicit calculation. This illustrates the effective overestimation that is
the basis for problems with the explicit algorithm.

Table I. Comparison of convergences of implicit and explicit algorithms for the free surface example at different

mesh sizes
Mesh size Number of Size of Size of time step
time steps time step limited by
Explicit
h=02 80 0-11 Wiggles
h=01 127 0-07 Wiggles
h =0-05 302 0-03 Wiggles
Implicit
h=02 3 20 Contact point problems
h=01 3 20 Contact point problems
h=0.05 3 20 Contact point problems
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Figure 3. Effect of implicit surface tension term on calculated velocity field: (top) explicit; (bottom) implicit with ¢ =20 s. Note
that the vectors of the implicit calculation have been scaled up by a factor of 53 in this figure

Example of a moving surface problem

To illustrate the moving boundary capability, we will consider the development of a two-dimensional
drop from a disturbance in a thin fluid layer of water on a vertical wall (see Figure 4). Although this
problem has a physical background, the solution does not exist physically, since the solution of the 2D
problem is unstable and a 3D solution will develop.'?

The 2D drop is a typical two-timescale problem. The interesting timescale is that on which the drop is
developing under the influence of gravity, whereas the smoothing of local disturbances constitutes the
second timescale. In the global formation of the drop, surface tension plays an unimportant role, but

Initial shape :

¥ = 0.001 ( exp(-t 3 + 0.02)
2=0.03¢t
with-1<t<1
¥ =0.07 N'm
l.
n =0.001Pas ._y.._o
p =1000 kg/m®

uv=0
g=10m/s?

Figure 4. Definition of test problem for moving boundary flow: development of a 2D drop of water from a disturbance in a thin
film on a vertical plate
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Figure 5. Distribution of elements along free surface as a function of boundary curvature by automatic remeshing scheme

without surface tension the formed shape will be unstable and will readily break.!* Surface tension
stabilizes the drop by a local dominance at the leading edge.

The flexibility in the numerical scheme is used here to structure the mesh automatically to where it is
needed. The mesh along the free surface is distributed as a function of the curvature of the surface (see
Figure 5). Note that the y-values are scaled by a factor of 10 in all plots.

Figure 6 shows the development of a drop of water. These results were calculated using the implicit
algorithm at a constant step size. The total number of steps in the calculation was 200. The implicit
algorithm was stable. The major difficulty in these calculations was the automatic remeshing algorithm
(e.g. local avershoots of the splines and too strong a curvature with respect to element size).

The explicit algorithm was found to be impractical for this problem. When a constant mesh size and a
variable time step (the maximum time step for stability) were used, the algorithm needed 900 time steps
to reach time =0-0023 s. Since the maximum time step decreased rather quickly with time, it was
estimated that time = 0-01 s would be reached only after 17,000 time steps. Since the mesh also needs
refinement near the leading edge, this must be seen as a best-case estimate; the actual number of time
steps needed could easily be 50,000. In Figure 7 the computed free surface profiles of the explicit and
the implicit algorithm are compared. The difference is only minor.

8. DISCUSSION

The results presented in the previous section demonstrate the stabilizing effect of the surface tension
contribution to the matrix. The merit of this depends strongly on the stiffness of the problem considered.
This stiffness may depend on the element size along the free surface, as was the case in the free surface
test problem. It may also originate from the timescales of the different physical processes that play a part
in the problem, as was the case in the moving boundary example. In both cases the use of the implicit
surface tension algorithm drastically reduces the computation costs.

The stability with respect to the surface tension smoothing phenomena enables us to choose the time
step correlated with the required accuracy only. In the case of free surfaces, accuracy in time is an issue
as long as the iteration converges and the extra term disappears when the solution is approached.
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Figure 7. Comparison of drop geometry calculated according
Figure 6. Moving surface geometry of drop being formedasa  to implicit algorithm (50 time steps) and explicit algorithm
function of time (900 time steps) at time = 0-0024 s

Although we expected the implicit surface algorithm to follow this rule, combining boundary
condition (4) and equation (23), we find that the extra term does not disappear at the steady state
solution, since the following term remains:

y At L (u . %:—)n% ds. 32)

This term can be interpreted as being proportional to the distance a material particle has travelled over
one time step (u At) and to the curvature of the free boundary (dn/ ds). It should be noted that our first
example is not disturbed by this error, since the converged surface shape is not curved. The remaining
term also disappears for linear surface elements (straight line segments), but for isoparametric elements
the steady state solution is spoiled by the term above, making it dependent on the iteration procedure
(time step size) used for obtaining this solution. From a theoretical viewpoint this is not acceptable.

The origin of this error is found in the mixed implicit—explicit algorithm developed in this paper. To
repair the surface tension instability, we have chosen to compute the surface tension term implicitly,
whereas the viscous terms are still treated explicitly. In the steady state this translates into the surface
tension forces being calculated at the new position of the material particle along the boundary, while the
viscous forces are calculated at the old position. This is illustrated by the proportionality with u Ar.
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The error can be removed by employing the normal velocity (u,) both in equation (3) and in the
substitution from equation (40) to (41) instead of using the velocity vector itself to trace out the
boundaries:

u, = (u-n)n. (33)

Usually the choice between u and u,, for tracing the surface is equivalent. Here the normal velocity,
however, limits the distance between the old and new positions of the material points at the surface, thus
reducing the error introduced by the implicit—explicit algorithm. Using u,,, we derive for the extra term
of the implicit surface tension algorithm (equivalent to equation (23))

d(u-n) d¢;
y At L = "4 ds. (34)
It is clear that the term now disappears for a steady state solution for a free boundary.

In moving boundary problems the error introduced by using u for surface tracing is greatly reduced,
since the time step size must be chosen for accuracy in such a way that the geometry changes only
slightly over one time step. As is illustrated in Figure 7, therefore, accuracy was not a problem in the
case of our moving boundary problem. There is, however, a second source of error. The implicit Euler
time integration is known from differential equation theory to add some additional diffusivity to the
problem. This extra smoothing is directly correlated with the size of the time steps. In cases where this
affects the accuracy of the calculation, the diffusivity can be limited by evaluating the surface tension at
time level n + @ by adding a prefactor 6 to the extra term. With 6 = 0-5 the modified theta method
regenerates the Crank—Nicholson rule, which is second-order-accurate in time (surface tension only!)
and does not have the diffuse character of the implicit Euler integration, but at a cost of limited
robustness. Usually § = 0-6-0-7 is recommended, which is a compromise between robustness and
accuracy.

We tried these adaptations on our moving boundary problem. We found no advantage, since the
accuracy was already good for the Euler time integration. However, a decrease in robustness did occur.
During the reordering of the points along the surface the strong curvature at the leading edge of the drop
introduced some errors in our spline representation of the surface. These ‘larger’ errors gave rise to
instability problems. Since we did not need extra accuracy, we opted for the robustness of the implicit
Euler method.

The two examples shown here were limited to 2D quasi-static Stokes flow. This type of flow was
chosen because it is the ‘most stable’ type of flow. In this case the ‘instability’ caused by the explicit
surface trace algorithm is most clear. Since it originates in the combination of the stiffness of the
physical problem and an explicit surface trace algorithm, the ‘instability’ is not limited to that class of
flows. Neither will the solution to the problem presented here be limited to such flows.

For 2D Navier—Stokes flow, where inertia effects play a role, the extra term in the surface tension is
expected to resolve the surface tension instability. The merit of the implicit surface tension algorithm
will be less apparent than with Stokes flow, since the maximum time step will be limited by convection-
induced instabilities (Courant number).

The linearization performed here to obtain the surface tension contribution to the matrix can also be
performed for 3D geometries. The equations become more complex. In the linearization, terms can be
recognized which are the equivalent of equation (21) in 3D and terms which can be interpreted as
representing the blow-up of the surface over time (increase or decrease in surface over the time step).
Possibly the 3D equivalent of the term found here will suffice to stabilize the smoothing-related
instability. So far we have not had the opportunity to test the 3D generalization of the algorithm
presented in this paper, but we will make this the subject of a follow-up paper.
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9. CONCLUSIONS

We have shown that the lack of stability of the Picard solution method using the kinematic condition for
geometrical updates is caused by the stiffness of the physical problem combined with the explicit time
integration of the surface. Through a modification of the boundary element for the surface tension an
implicit algorithm is obtained which does not display such stability problems. This extends the Picard
solution algorithm to surface-tension-dominated flows with moving boundaries. It also removes the
need for two separate iteration schemes for free boundary problems. In all these cases the Picard
solution method can be applied using the kinematic update algorithm with the implicit surface tension
contribution.

APPENDIX I: DEFINITION OF SURFACE GRADIENT

The surface gradient is an operator that gives the change in a parameter caused by a change in the co-
ordinates along the surface. Using a local co-ordinate system along the surface, with s; and s, being the
co-ordinates in the orthogonal directions t; and t, respectively, we can write

t, + - t,. (35)

APPENDIX II: CHANGE IN TANGENT TO A SURFACE WITH TIME

A curve in a two-dimensional Cartesian or a three-dimensional axisymmetrical co-ordinate system can
be written by means of a parameter representation in parameter p as'°

x = x(p). (36)
The tangent vector along the curve is defined as the direction of the vector
dx
r=—. 37
. (37N
The tangent vector is thus
r r
t=—=——. 38
i~ VD G8)
The length of the vector r can be expressed in terms of the length s along the curve as
ds\ 2
r?=r-r= (——) . (39)
dp
The change in the tangent to the curve with time is now found by differentiating equation (38):
dt d r 1 dr r dr
_—— = _— *—1. 4
dt dr (J(r . r)) Ve dt /(- -r)? (r dr) 40)

By now substituting equation (36) and keeping in mind that the parameter p is not dependent on time,
we obtain with u = dx/dr that

dt 1 du r du
dt Jr-r)dp V1)’ (r 3) “v
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We now take the parameter p to be equal to the curve distance s at time 7. Following relation (39), we
find r=t and r - r = 1. The equation above now reduces to

dt du du du
G}=E'(t"d?)'=(“'$)“' (42)

where n denotes the normal to the surface.
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